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Pre-requisites: Mathematics courses of first year of study.

Course Objectives: To learn
e The theory of Probability, and probability distributions of single and multiple random variables
e The sampling theory and testing of hypothesis and making inferences
e Stochastic process and Markov chains.

Course Outcomes: After learning the contents of this paper the student must be able to
e Apply the concepts of probability and distributions to some case studies
e Correlate the material of one unit to the material in other units
e Resolve the potential misconceptions and hazards in each topic of study.
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Probability: Sample Space, Events, Counting Sample Points, Probability of an Event, Additive Rules,
Conditional Probability, Independence, and the Product Rule, Bayes’ Rule.

Random Variables and Probability Distributions: Concept of a Random Variable, Discrete
Probability Distributions, Continuous Probability Distributions, Statistical Independence.

UNIT -1l

Mathematical Expectation: Mean of a Random Variable, Variance and Covariance of Random
Variables, Means and Variances of Linear Combinations of Random Variables, Chebyshev’'s Theorem.
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UNIT -1ll
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under the Normal Curve, Applications of the Normal Distribution, Normal Approximation to the Binomial,
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Distributions, Sampling Distribution of Means and the Central Limit Theorem, Sampling Distribution of
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Estimation & Tests of Hypotheses: Introduction, Statistical Inference, Classical Methods of
Estimation.: Estimating the Mean, Standard Error of a Point Estimate, Prediction Intervals, Tolerance
Limits, Estimating the Variance, Estimating a Proportion for single mean , Difference between Two
Means, between Two Proportions for Two Samples and Maximum Likelihood Estimation.

Statistical Hypotheses: General Concepts, Testing a Statistical Hypothesis, Tests Concerning a
Single Mean, Tests on Two Means, Test on a Single Proportion, Two Samples: Tests on Two
Proportions.

UNIT -V

Stochastic Processes and Markov Chains: Introduction to Stochastic processes- Markov process.
Transition Probability, Transition Probability Matrix, First order and Higher order Markov process, n-
step transition probabilities, Markov chain, Steady state condition, Markov analysis.
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UNIT-I

PROBABILITY AND RANDOM VARIABLES
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Probability

Trial and Event: Consider an experiment, which though repeated under essential and identical
conditions, does not give a unique result but may result in any one of the several possible
outcomes. The experiment is known as Trial and the outcome is called Event

E.g. (1) Throwing a dice experiment getting the no’s 1,2,3,4,5,6 (event)

(2) Tossing a coin experiment and getting head or tail (event)

Exhaustive Events:
The total no. of possible outcomes in any trial is called exhaustive
event. E.g.: (1) In tossing of a coin experiment there are two

exhaustive events.

(2) In throwing an n-dice experiment, there are 6" exhaustive events.

Favorable event:

The no of cases favorable to an event in a trial is the no of outcomes which entities the
happening of the event.

E.g. (1) In tossing a coin, there is one and only one favorable case to get either head or tail.

Mutually exclusive Event: If two or more of them cannot happen simultaneously in the same
trial then the event are called mutually exclusive event.

E.g. In throwing a dice experiment, the events 1,2,3, 6 are M.E. events

Equally likely Events: Outcomes of events are said to be equally likely if there is no reason for
one to be preferred over other. E.qg. tossing a coin. Chance of getting 1,2,3,4,5,6 is equally likely.
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Independent Event:

Several events are said to be independent if the happening or the non-happening of the
event is not affected by the concerning of the occurrence of any one of the remaining
events.

An event that always happen is called Certain event,_it is denoted by
‘S’. An event that never happens is called Impossible event, it is

denoted by ‘[1°.

Eg: In tossing a coin and throwing a die, getting head or tail is independent of getting no’s 1 or 2
or3or4or5orb6.

Definition: probability (Mathematical Definition)

If a trial results in n-exhaustive mutually exclusive, and equally likely cases and m of them are
favorable to the happening of an event E then the probability of an event E is denoted by P(E)
and is defined as

P(E)= MO of favourable cases to event _m

Total noof exaustivecases n

Sample Space:

The set of all possible outcomes of a random experiment is called Sample Space .The elements
of this set are called sample points. Sample Space is denoted by S.

Eg. (1) In throwing two dies experiment, Sample S contains 36 Sample
points. S ={(1,1) ,(1,2) ,---------- (1,6), -------- (6,1),(6,2), (6,6)}
Eg. (2) In tossing two coins experiment, S ={HH ,HT,TH,TT}

A sample space is called discrete if it contains only finitely or infinitely many points which can
be arranged into a simple sequence wi,w-,... while a sample space containing non
denumerable no. of
points is called a continuous sample space.

Statistical or Empirical Probability:
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If a trial is repeated a no. of times under essential homogenous and identical conditions, then
the limiting value of the ratio of the no. of times the event happens to the total no. of trials, as
the number of trials become indefinitely large, is called the probability of happening of the event.(
It is assumed the limit is finite and unique)
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Symbolically, if in ‘n’ trials and e\ﬁg]nts E happens ‘m’ times , then the probability ‘p’ of the happening
lim

of Eisgiven by p = P(E) —

B nCCon

An event E is called elementary event if it consists only one
element. An event, which is not elementary, is called compound

event.

Conditional Probability:

TheconditionalprobabilityofaneventBistheprobabilitythattheeventwilloccur giventhe knowledgethatanevent
Ahasalready occurred. This probability is written P(BJA), notation for the probability of B given A. In the case
where

eventsAandBareindependent (whereeventAhasnoeffectonthe probabilityofeventB), the conditionalprobability of
eventBgiveneventAissimplytheprobability ofeventB,thatisP(B).

If events A and B are not independent, then the probability of the intersection of A and B (the probability
that both events occur) is defined by
P(A and B) = P(A)P(B|A).

From this definition, the conditional probability P(B|A) is easily obtained by dividing by P(A):

PrAd d B
Pl = A and D) o 2

Baye’s Theorem

We are quite familiar with probability and its calculation. From one known probability we can go on calculating
others. But can we use all the prior information to calculate or to measure the chance of some events
happened in past? This is the posterior probability. Bayes theorem calculates the posterior probability of a
new event using a prior probability of some events.

Prior Probability .| New . | UseofBayes’ _ | Posterior

E— _—

Infarmation “ 1 Theorem " | Probability

Baye’s theorem, sometimes, also calculates the probability of some future events.



Theorem

If E1, E2, E3, ..., En are mutually disjoint events with P(Ej) # 0, (i= 1, 2, ..., n), then for any arbitrary event A
which is a subset of the union of events E; such that P(A) > 0, we have

P(Ei| A) = [P(E).P(A | Ei)] = [2i P(Ei).P(A | Ei)] = [P(Ei).P(A | E)] + P(A), E1, E2, E3, ...,
En represents the partition of the sample space S

Proof

A is a subset of the union of Ej, i.e., A cUE;j, we have, A = AN (UEj) = U(A N Ej). Also, (A N
Ei) subset Ej, (i=1, 2, ..., n) are mutually disjoint events as Ej’s are mutually disjoint. So, P(A) = P[U(A

NE)]=>iP(ANEi)=2iPE). P(A|E).

Also, P(A N Ej) = P(A). P(Ei|A)

or, P(Ei| A) = P(A N Ej)/P(A) = [P(Ei). P(A | Ei)] + [Xi P(Ei). P(A | E)].

problems

1. Let us consider the situation where a child has three bags offruits in which Bag 1 has 5 apples and 3
oranges, Bag 2 has 3 apples and 6 oranges and Bag 3 has 2 apples and 3 oranges. One fruit is drawn at
random from one of the bags. It was an apple. Let us calculate the probability that the chosen fruit was apple
and was drawn from Bag 3.

Here, we can calculate the probability of selecting the bags, P(E1) = P(E2) = P(E3) = 1/3. The probability of
drawing out of apple from Bag 1, P(A | E1) = 58, from Bag 2, P(A|E2) = 30 = 13, from Bag 3, P(A | E3)=25A.

We have to calculate the probability of drawing a fruit given that we have chosen the Bag 3. The probability
of drawing a fruit from Bag 3 given that the chosen fruit is an apple is P(E3|A). The Baye’s formula helps us to
calculate the probability, which is

P(Es| A) = [P(E3). P(A | E3)] + [P(E1)xP(A |E1) + P(E2)xP(A | E2) + P(E3)XP(A|E3)]

SP(E3| A) 0= 13 x 25 = [(13 x 58) + (13 x 30) + (13 x 25)] = (2/15) + (163/360) = 48/163.



2. One box is chosen at random and three balls are drawn from it. They all are of
different colors. What is the probability that they come from boxes I, 11 or 111?

Solution: Let A be the event of drawing three balls. E1, E2, E3 represent the events of
selecting Box I, 1l and IlI respectively.

P(E1) = P(E2) = P(E3) = 143.

The probability of drawing three balls given that the Box | is
selected, P(A[E1) = (AC1 x 2C1 x 3C1) + 6C3 = 3/10.

PAIE2) = (1 x 1 x

2) + “Cz = %

P(AIE3) = (b x 4 x

1) +10C3=16.

And P(E1)xP(A |E1) + P(E2)xXP(A | E2) + P(E3)xP(A | E3) = 2990.

We can calculate the probabilities by using Baye’s theorem. So, the required probability,

P(E1] A) =[P(E1]| A). P(A ]| E1)] + [P(E1)xP(A |E1) + P(E2)xP(A | E2) + P(E3)xP(A|E3)] = (1110) +

(2990) = 929.

P(E2|A) =[P(E2]|A). P(A| E2)] +[P(E1)XP(A |E1) + P(E2)xP(A | E2) + P(E3)xP(A |E3)] = (16) +

(2990) = 15/29.

P(E3|A)=1-[P(E1|A) + P(E2| A)] = 1 - [(929) +(1529)] = 1 - 2429 = 529.

Random Variable

A Random Variable X is a real valued function from sample space S to a real number R.

(or)

A Random Variable X is a real number which is determined by the outcomes of the random

experiment.
Eg:1.Tosssing 2 coins simultaneously
Sample space ={HH,HT,TH,TT}

Let the random variable be getting number of heads then
X(S)={0,1,2}.

2.Sum of the two numbers on throwing 2 dice
X(S)={2,3,4,5,6,7,8,9,10,11,12}.

Types of Random Variables:



1.Discrete Random Variables : A Random Variable X is said to be discrete if it takes only
the values of the set {0,1,2.....n}.

Eg:1.Tosssing a coin, throwing a dice,number of defective items in a bag.

2.Continuous Random Variables: A Random Variable X which takes all possible values
in a given interval of domain.

Eg: Heights, weights of students in a class.
Discrete Probability Distribution:

Let x is a Discrete Random Variable with possible outcomes x, x;, x5 .... x,, having
probabilities p(x,)for i =12 ..n If p(x,) = 0 and X, p(x,) = 1 then the function p(x;)
is called Probability mass function of a random variable X and { x;,p(x,)} feri=12..n
is called Discrete Probability Distribution.

Eg:Tosssing 2 coins simultaneously
Sample space ={HH,HT,TH,TT}
Let the random variable be getting number of heads then

X(S)={0,1,2}.

1

Probability of getting no heads = —, Probability of getting 1 head = 3 Probability of getting 2

4!

1
heads = 3

- Discrete Probability Distribution is

x; 0 1 2

p(x;)

e | =

Cummulative Distribution function is given by F(x) = p[X = x] = iy p(x;).

Properties of Cummulative Distribution function:

1.Pla< x<b] = F(b) —F(a) —P[X = b]

2.Pla<x<b]= F(b)—F(a)—P[X = a]

3.Pla<x=<b] = F(b)—F(a)

4. Pla<x<b]l = F(b)—F(a)—P[X=b]+P[X = a]

Mean: The mean of the discrete Probability Distribution is defined as
5n

H= _ﬁ% = Xz x,p(x,) since Zizy p(x) = 1
(=1 F

Expectation: : The Expectation of the discrete Probability Distribution is defined as



E(X) = iz, x,p(x,)

In general, E(g(x)) = Zi-y g(x,)p(x,)

Properties:
DEX) =
2) E(X) = k E(X)

3)E(X+k) = E(X) + k
4))E(aX +b) = aE(X) + b

Variance: The variance of the discrete Probability Distribution is defined as
Var(X) = V(X) = E[X — E(X)]?
- V(X) =E[X]* — [E(X)]?

2

:inzp[_.lu'

Properties:

1) V(c) = 0 where c is a constant

2) V(kX) = k% V(X)

V(X +k)= V(X)

4) V(aX +b) = a’ V(X)

PROBLEMS

1.If 3 cars are selected randomly from 6 cars having 2 defective cars.
a)Find the Probability distribution of defective cars.

b)Find the Expected number of defective cars.

Sol: Number of ways to select 3 cars from 6 cars =6,_

Let random variable X(S) = Number of defective cars = {0,1,2}

ih . 4. 2 1
Probability of non defective cars = ——= = -

rz 5

Probability of one defective cars = 4—';‘—"- =2

Cg =

. 4, 2
Probability of two defective cars = —';-—"1 :%
Lz

Clearly , p(x;) = 0 and Xy p(x;) = 1

Probability distribution of defective cars is



x; 0 1 |2

p(x;)

3 1
5 |5

1
5

Expected number of defective cars = 2=, x;p(x,) =0 G) +1 G) +2 G} =1

2.Let X be a random variable of sum of two numbers in throwing two fair dice.Find the

probability distribution of X,mean,variance.

Sol:Sample space of throwing two dices =S ={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(5,1),(5,2),(5,3),(5,4),(5,5),(5,6)
(6.1),(6,2),(6,3),(6.4).(6,5).(6,6)}

=~ n(5) = 36.

Let X = Sum of two numbers in throwing two dice ={2,3,4,5,6,7,8,9,10,11,12}

X Favourable cases No of Favourable p(x)
cases
2 (11) 1 1
36
2
3 (2,1),)(1,2) 2 eV
3
4 (3.1),(2.2),(1.3) 3 36
4
5 (4,1),(3,2),(2,3),(1,4) 4 36
5
36
6 (5,1),(4,2),(3,3),(2,4),(1,5) 5 6
36
7 (6,1),(5,2),(4,3),(3,4),(2,5),(1,6) | 6 2
36
8 (6,2),(5,3),(4,4),(3,5),(2,6) 5 %
3
9 (6,3),(5,4),(4,5),(3,6) 4 36




2
10 (6,4),(5.5),(4,6) 3 36
1
36
11 (6.5).(5.6) 2
12 (6.6) 1

Clearly , p(x;) > 0 and Xy p(x,) = 1

Probability distribution is given by
i |2 |3 |4 |5 |6 |7 |8 (9 101112

X

p(x)| 1 |2 |3 |4 |5 |6 |5 |43 |21

Mean = u = lexgp(xe]
=2(sg) +2(60)* (5e) *5e) <(30)*7(3) 2 5e) 2 o)
* 10(336)+ 11( )+ 12(_j
=T7.

Variance = V(X)= inzp[ — u?

2(2)+9(2)+16(2) +25(2) +36(2) +49(2) +e4(2) +
81(=) +100(2)+121(2)+144(2)— 49

~ Variance = 5.83

3. .Let X be a random variable of maximum of two numbers in throwing two fair dice
simultaneously.Find the

a)probability distribution of X b)mean c)variance d)P(1<x<4) e)P(2= x = 4).

Sol: Sample space of throwing two dices =S ={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)



~ n(S) = 36.

(4,1),(4,2),(4,3).(4,4),(4,5),(4,6)
(5,1),(5,2),(5,3),(5,4),(5.,5),(5,6)
(6,1),(6,2),(6,3).(6,4).(6,5).,(6,6)}

Let X = Maximum of two numbers in throwing two dice ={1,2,3,4,5,6,}

Favourable cases No of p(x)
X Favourable
cases
1 @Y 1 1
36
3
2 (2,1),)(1,2),(2,2) 3 36
5
3 (3,1),(1,3),(2,3)(3,3),(3,2) 5 36
7
4 (1,4),(4,1),(4,2),(2,4)(4,3),(3,4),(4,4) 7 36
9
36
5 (1,5),(5,1),(2,5),(5,2)(3,5),(5,3),(5,4),(4,5),(5,5) 9 11
36
6 (1,6)(6,1),(6,2),(2,6),(6,3),(3,6),(4,6),(6,4),(6,5)(5,6),(6,6) | 11
Clearly , p(x,) = 0 and 27 p(x,) =1
Probability distribution is given by
x; 1 3 |4 6
p(x,) 3|57 [9 11
36|36 |36 |36 36|36
n 1 3 5 7 9 11
Mean=p= xp(x)=1(35)+2(55) +3(55) + +(55) + 5(55) + 6 (55)

=4.47.




Variance = V(X)= le-zfp[ — u?

-1(59)+ 45+ 2(Ge) + 10 (Ge) + 25(58) + 3¢(52)

~ Variance = 1.99,

4.A random variable X has the following probability function

X; 3(-2 |-1]0 (1 |2 |3

p(x) |k |01k [02]|2k]|04]2k

Find k,mean,variance.

Sol: We know that X7, p(x;) = 1
i.e k+0.1+k+0.2+2k+0.4+2k = 1
i.e6k+0.7=1 ~k=0.05

Mean=pu= lexip[xi] =k(—3)+ 0.1(—2)+ k(—1) + 2k(1) + 2(0.4) + 3(2k)

=0.8.

Variance = V(X)= le-zpl. — u?
=k(—3)*+01%(=2) + k(—1)% + 2k(1) + 4(0.4) + 9(2k)

~ Variance = 2.86.

Continuous Probability distribution:

Let X be a continuous random variable taking values on the interval (a,b). A function f(x) is
said to be the Probability density function of x if

i) f(x) >0Vx€E(ab)
ii) Total area under the probability curve is 1 i. e, _lf flx)dx = 1.
i) For two distinct numbers ‘c’ and ‘d’ in (@, b) is given by

P(c < x < d) = Area under the probability curve between ordinates x =

candx = d

ie [7 f(x)dx.
Note: Plc<=x =d)=Plc=x=d)=Plc=x<d)=P(c<x<=d)
Cummulative distribution function of f(x) is given by

[%, f)dx e, f(x) =ZF(x)



Mean: The mean of the continuous Probability Distribution is defined as

= J. x flac)dx.

Expectation: : The Expectation of the continuous Probability Distribution is defined as
EX) = [, x f(x)dx.

In general, E(g(x)) = [* g(x) f(x)dx.

Properties:
DEX) =n
2)E(X) = kE(X)

JE(X+k) = E(X) + k

4))E(aX +b) = aE(X) + b

Variance: The variance of the Continuous Probability Distribution is defined as
Var(x) = V(X) = [* x* f(x)dx — .

Properties:

1) V(c) = 0 where ¢ is a constant
2) V(kX) = k?V(X)

V(X +k)= V(X)

4) V(aX +b) = a® V(X)

Mean Deviation: Mean deviation of continuous probability distribution function is
defined as

| Z|x — ul FG)dx

Median: Median is the point which divides the entire distribution in to two equal parts. In
case of continuous distribution,median is the point which divides the total area in to two equal
partsie, [ f(x)dx = [ f(x)dx = ¥ x € (a,b).

Mode: Mode is the value of x for which f(x) is maximum.
i.e f(x)=0andf (x) < 0 forx € (a,b)

PROBLEMS



1.1f the probability density function f(x) = 1:!? — o << x < w, Find the value of ‘k’

and probability distribution function of f(x).

Sol: Since total area under the probability curveis 1 i.e, f: flx)dx = 1.

= k
f dx = 1.
1+ x?

2k(tan™? x]:;: =1

2k(tan"'o0 —tan™10) =1

Cummulative distribution function of f(x) is given by

® R 1 x 1w

dx = dx = —(tan™? = — [+ (tan"1 x)].

| reoar= | grgd=tanin = LG+ Gano)

2. If the probability density function f(x) = ce™™ — o <x <.
Find the value of ‘c’,mean and variance.

Sol: Since total area under the probability curve is 1 i. e, f: flx)dx=1.
J- ce ! dy =1
EJ- ce Fdx=1
o
2c (_—1:] DE:].

nL=—=
2

Mean=p = _Ir_j:x flx)dx = %_Ir_j:xe_l‘”l dx = 0 since xe ' is an odd function.

variance = V(X)

= | % feoax-

1 o0

=_J- xze—l.d dx
2 —-x

1 ol

:EJ. 2vle™® dy = [xz(—e"‘]—zx[e"‘j+2(—e‘*”j]:; =7
o



Sinx

3. If the probability density function f(x) = { 2 ifo<x=mw
0 otherwise

Find mean,median,mode and P(0 < x < E].

Finx

Sol: Mean=p = [ x f(x)dx == [T 22

dx = %[—xcasx +sinx] § = z.
Let M be the Median then

J;Mf(:cjdx - J:f(x]dx = lvre(wnw)

M sinx T sinx 1
dx = dx=—Vx € (—uw,x)
0 2 - 2 2

consider [ 7 SE dx = 3 then (—cosx) ;=1

M2
T
A M=—
2
sinx
Sincef(x]={ 2 ifo=x=m
0 otherwise

To find maximum, we have f (x) = 0
i.e, cosx = 0 implies that x =§

Finx

and f (x) = —=

r

which is less than 0 at x = ;

~ Mode = ;

4.1f the distributed function is given by

Difx=1
Flx)={k(x—1)*ifl<x<3
lifx>=3

Find k., f(x),mean.

Sol: Cummulative distribution function of f(x) is given by

[5 fGdx e, f(x) = F(x)

0ifx<1
ie, flx) =44k(x—1)*if 1<x=<3
0ifx>3

Since total area under the probability curve is 1 i.e, f:" flx)dx=1



3
f 4k(x—1)%dx =1
1

[k(x—1)*]7=1

1
nk=—
16
0ifx<1
Af)={= (x—1)® if1<x <3
0ifx>3

Mean=p = [* x f(x)dx == [ x(x — 1)%dx = 19.6.

Multiple Random variables

Discrete two dimensional random variable:

Joint probability mass function is defined as f(x,y) = P(X =x,,¥ = y,)
Joint probability distribution function is defined as
Fyy(2,¥)=P(X <x,,¥Y <y)=E_ XY _ p(x.¥)

Marginal probability mass functions of X and Y are defined as

PO =x)=p(x) = ) p(x,¥)

;

P(v =3,)=2(3,) = ) p(xy)

L
Continuous two dimensional random variable:

Joint probability density function is defined as

far(x,y) =P(x =X <x+de,y<Y < y+dy)
and [*_J” fey(x,¥) dxdy =1

Joint probability distribution function is defined as
Fey (0,¥) = P(X <x;,Y < y;) :Jrig f:,;fxr'(xr ¥) dxdy

aﬂ

and fyy(x,v) = ax3y [Fey (%) ]

Marginal probability density functions of X is defined as

fr(x) = ffﬂtx,}rj dy



Marginal probability density functions of Y is defined as

fr () :.r_::fxy':xr}’] dx

PROBLEMS
1.For the following 2-d probability distribution of X and Y

X\Y |1 2 3 4

1 01 |0 02 |01
2 0.05|0.12 | 0.08 | 0.01
3 0.1 |0.05(0.1 |0.09

Find i) P(X< 2,¥ = 2) ii) Fy(2) iii)P(Y=3) iv) P(X< 3,Y < 4) v) F, (3).

Sol: Given

X\ |1 2 3 4

2 0.05]0.12 | 0.08 | 0.01
3 0.1 |0.05(0.1 |0.09

DP(X= 2,¥ =2)=P(X= 1Y = 2)+P(X=2,¥ = 2)
=0+0.12
=0.12
ii) Fy(2)=P(X< 2)=P(X=1) +P(X=2)
=%, p(x.,v;) + Z;0(x.v;)
=(0.1+0+0.2+0.1)+(0.05+0.2+0.08+0.1)
=0.66

iii) P(Y=3) = X, p(x;.,¥;)

= 0.2+0.08+0.1
= 0.38.
iv)  P(X<3,¥ <4)=P(X< 3,Y = 1)+ P(X< 3,Y = 2)+ P(X< 3,V = 3)

+P(X<3,Y =4)
=p(X= 1Y = 1) +P(X=2,¥ = 1)+ P(X= 1,V = 2)
+P(X=2,¥ = 2)+ P(X=1,¥ = 3) +P(X=2,Y = 3)



+P(X=1,Y = 4) +P(X= 2,¥ = 4)

=(0.1+0+0.2+0.1)+(0.05+0.2+0.08+0.1)
=0.66

V) F,(3)= P(Y< 3)=P(Y= 1) + P(Y= 2)+ P(Y= 3)

=(0.1+0.05+0.1)+(0+0.12+0.05)+(0.2+0.08+0.1)
=0.8

2.Suppose the random variables X and Y have the joint density function defined by

_fe(Zx+y)if2<x<6,0<y <5
f(xy) { 0 otherwise

Find i)c 11)P(X>3,Y>2) iii) P(X>3)
Sol: Since = [7_f(x,y) dxdy =1

& 5
JJ c(Zx+y)dydx =1
20

J.E' oy + 2 P = 1
ey ) =

& 25
j c(10x -I-?]rix =1

25x

c(10=+=)5=1

1
€c=——
210

iy P(X>3,Y >2) = [7 [” f(x,y) dydx

=f7 [, = (2x + y )dydx

2 210

_1 6 ¥y'\5 4. _15
T 210 ~r3 (2xy + :jﬂdx_:s'

1
210

iii) ) P(X > 3) = [ [* f(x,y) dydx

6 5
1
= 2 dydax
mej- (2x+ y )dy
3 0

L[y
= xy
210 3( T2

” dx
)o



=0k (1054 3) de

210

1
210

= [102% + (100 + Z2) 6 =2

-
r

3.The joint density function defined by

clxy)ifl<x<32<y<4
0 otherwise

fley) =

Find i) c
i) Marginal probability density functions of X and Y

iii) Show that X and Y are  independent.

Sol: Since [ [~ _f(x,y) dxdy = 1
4 3
JJ clxy)dxdy =1
21

Fev(2)iday=1

-
= <

E{i]g _1 ne=2L

2 20 e 24°

i) Marginal probability density functions of X and Y

Marginal probability density functions of X is
fi(x) = .rfrfxr[:xr}’) dy = i_lr: xy dy :§

Marginal probability density functions of Y is

fr[}’]:.r_jlfxr[xr}’j dx :i ~II.14;";}:r dx :g
ii)Clearly fey (x.3) =37 == 33 = fy () /()

Therefore ,X and Y are independent.
Conditional probability density function :

Conditional probability density function of X on Y is

fxr(x:}’j
X¥)= —/]——
fer (X/Y) £0)
Conditional probability density function of Y on X is
far (x.7)
fxr(YfX] = A

fx(X)



4.The joint density function defined by

f(x’yjz[(xz+p;—y] if0<x<10<y<2

0 otherwise

Find
i) Conditional probability density functions.
ii) Marginal probability density functions
iii) Check whether the functions X and Y are independent or not

(:x2+%j ifo<x<10<y<?2

0 otherwise

Sol:  Given f(x,¥) ={

Marginal probability density functions of X is

£ = [7 fy(oy) dy = [ (2% +2) dy = 2x(x +7)
Marginal probability density functions of Y is

fr[}’]:.r_zfxr[xr}’j dx :.r[,l(xz + %j dx :§+ g

Here  fi(y) fy(x) = 2x(x +§](§+§]

Therefore, fiy(x,¥) = fi (x) £ ()
Hence X and Y are not Independent.

Conditional probability density function of X on Y is

Fary (x.y) _{'tz +%]

) T G+

f}n’ (XfY:J =

Conditional probability density function of Y on X is

Fary (x.y) _ (a +%]

Fur (3 _Qx{x +§]

f}n’ (YfXj =

UNIT- 11
PROBABILITY DISTRIBUTIONS



BINOMIAL DISTRIBUTION: A Random variable ‘X’ has binomial distribution if it

assumes only non-negative values with probability mass function given by
ﬂc,Frqn_r r= 011121_ —— —n

p(x=7) =

0 otherwise
= b(r;n,p)
CONDITIONS FOR APPLICABILITY OF BINOMIAL DISTRIBUTIONS:

Number of trials must be finite (n is finite)

The trails are independent

There are only two possible outcomes in any event i.e., success and failure.
Probability of success in each trail remains constant.

el O

Examples;

1. Tossing a coin 7 times

2. Throwing a die
3. No. of defective items in the box

MEAN OF THE BINOMIAL DISTRIBUTION
p=2xr_or.P(r)
=Ll PTq"T
= n, P'q""' + 2n,P"q" 2 +3n, P?q"* + - ..nn, P"q""

= nqu”_l + 2_$p2qn—2 43,

nin—1)in—2)

3!

pﬂqn—ﬂ +—- - _I_ﬂp?!

=mp[q" (- 1) plg" T 4 - - — 4™
=np[p +q]"""

=np since [p+q = 1]

Mean=np.

VARIANCE OF THE BINOMIAL DISTRIBUTION

o’ =ZT2P(TJ—.H2
r=0
= Z[r(r — 1)+ r]P(r) — u?
r=0
= ZT[T —1)P(r) +ZT.F(TJ —n?p?
=0 r=0
= Zr[r —1)n,_ PTq™ " +np —n’P?

r=0



let ¥ r(r—1)P(r) = Lieor(r — Un, P'q"7" =2n,_P%q"n" +
ﬁncEF‘Hq”_a
+12n, P*q" *+---—— + n(n— 1) P"
=n(n—1)P[q" 2+ +(n—2), p'q" P + - — — +p7]
=n(n—1)P (p+q)""
=n?p? — np?

-
&

a

ntp: —npP? 4 np —n?pe
=np(1-p)
= npq.
PROBLEMS
1.In tossing a coin 10 times simultaneously.Find the probability of getting

i)atleast 7 heads ii) atmost 3 heads iii)exactly 6 heads.

SOL: Given n = 10

b3 | R

Probability of getting a head in tossing a coin = 7 = p.
Probability of getting no head=g =1 — %z 3
The probability of getting r heads in a throw of 10 coins is

P(x =r)=p(r) = 10, (1)?“ G)lu_r;r =012, ......,10

-
r

Q) Probability of getting atleast seven heads is given by
P(X=7)=P(X=7)+ P(X=8)+P(X=9)+ P(X=10)

= 10, G)? G) + 10, G)S G)

10-2 5 10-9 10

+106(3) (3

10-7

1
+10, (E)

1
=53 [10¢, + 10, +10¢, +10c, |

1
=5p[120+45+10 +1]

176

1024

=0.1719

i) Probability of getting atmost 3 heads is given by



P(X=3)=P(X=0)+PX=1)+ P(Xx=2)+P(Xx=3)

SERONE METRONE

3 10-3 10

#105(3) (3

10-2

+10,,(5)

1
=55 [10., + 10, + 10, + 10, ]

= [120 + 45+ 10 + 1]

176

1024

=0.1719

iii)Probability of getting exactly six heads is given by

Pix = 0)=10, (2) (2)

=

=0.205.

2.In 256 sets of 12 tosses of a coin ,in how many cases one can expect 8 Heads and 4
Tails.

Ba | =

Solution: The probability of getting a head, p =

ta |

The probability of getting a tail,g =
Heren =12

- i I i 115 r1y*
The probability of getting 8heads and 4Tails in 12trials= P(X = 8) = 12 (—) (—)

12! (1)12 495

8141\2 212

The expected number of getting 8 heads and 4 Tails in 12 trials of such cases in256 sets

495 495
— = —— = 309375 ~31
212 16

=256 X P(Xx =8)= 28 x

3.Find the probability of getting an even number 3 or 4 or 5 times in throwing a die 10
times.

Sol: Probability of getting an even number in throwing a die = 2 =

B |

Probability of getting an odd number in throwing a die =g =

~Probability of getting an even number 3 or 4 or 5 times in throwing a die 10 times is

P(X=3)+P(X=4)+ P(X=5)



=10,(5) ()7 +10.()@) +0, @)
= 5 [10,, + 10, + 10, ]
:i [120 + 252 + 210]

=0.568.
4.0ut of 800 families with 4 children each,how many could you expect to have

a)three boys b)five girls c) 2 or 3 boys d)atleast 1 boy.
Sol: : Givenn = 5,N = 800
Let having boys be success

1

Probability of having aboy =-=p.

Probability of having girl =g =1—2==.

The probability of having 7 boyss in 5 children is

Px=r)=p() = 3¢, () (3)Tir=0a2.5

a)Probability of having 3 boys is given by

95 @ €7

Expected number of families having 3 boys = N p(3) =800(15—6) =250 families.

b) Probability of having 5 girls = Probability of having no boys is given by

-0 () (-5

Expected number of families having 5 girls = N p(0) :800(%) =25 families.

c) Probability of having either 2 or 3 boys is given by

133 13¥F 5
5. (=) (= =—
+ '-’s(z) (2) 18

Expected number of families having 3 boys = N p(3) :800(2) =500 families.

5-2

P(X=2)+P(X=3) =5 G) G)

d) Probability of having atleast 1 boy is given by

P(X=1)=1—P(X =0)



1% 10 31

- ) Q)75

eA2 2 32
Expected number of families having atleast 1 boy :800(%) =775 families.

5.Fit a Binomial distribution for the following data.

x|{0|1 (2 |3 |4 |5

f12(14]120(34(22|8

Sol: Givenn=5Yf=2+144+20+344+224+8=100
Yx.fi==0(2) + 1(14) + 2(20) + 3(34) + 4(22) + 5(8) =284

X f;
Xf

~ Mean of the distribution =

284
100

We have Mean of the binomial distribution = np = 2.84

2.84
ap= e =0.568;9g=1— 0563 =0432.

TABLE TO FIT BINOMIAL DISTRIBUTION

X P(x;) E(x:)

0 | 5. (0.568)" (0.432)°7°=0.02 | N p(0) =100(0.02)=2

115, (0.568)* (0.432)°71=0.09 |9

5¢,(0.568)% (0.432)°77=0.26

555(0.555]3 (0.432)573=0.34 2




5,_,4(0.55534 (0.432)57%=0.22

5¢,(0.568)% (0.432)7°=0.059

Fitted Binomial distribution is

x|{0|1 (2 |3 |4 |5

f12(10]26(34|22|6

RECURRENCE RELATION

plr+1)=mn. (@) (@™ . (1)

p(r) = ne ()" (@)™ ()

(0 _plr+1) _ gy, )7 @)

[y pird nc, (p)7 (@)™

- p(T + 1:] — nt_i"+'_ E
T ne, [qj

pr+1) === (%) p(r).

Cr

POISSON DISTRIBUTION:

A random variable ‘X’ follows Poisson distribution if it assumes only non-negative values
with probability mass function is given by

e A"
P(x:-rjzp(-r’j_j = l fﬂ"]‘" }FZD,].,__(.;L} D]

0 otherwize

CONDITIONS FOR POISSON DISTRIBUTION:

1. The number of trials are very large (infinite)
2. The probability of occurrence of an event is very small (4 = np)

3. A=mnp = finite

Examples:

1. The number of printing mistakes per page in a large text



2. The number of telephone calls per minute at a switch board
3. The number of defective items manufactured by a company.

RECURRENCE RELATION:

1_P[T+1:J_e_"1,1:.ﬂ,x 7l
2 P(r) (r+1)r! e

P(r+1)= ( il)F[r]fwr—ﬂlz —

PROBLEMS
1.Using Recurrence relation find probability when x=0,1,2,3,4,5, if mean of P.D is 3.

Sol: We have

P(r+1) = (=) P(r) forr=012——— —(1)

Given A=3

P(0) = G;‘ = e~* [ by definition of poisson distribution ]
From (1),

Forr=0, P(1j—(i]P(nj —3¢73

o+

[y

Forr=1,P(2) = (li)i” 5

+
=

For = 2,P(3) —( ]P(nj_e

1

3 -3

FForr=3,P(4) = (=) P(0) =2e

4

orr=4,P(5) = (Hl}F[D] =2 e,

Pix= z}

2.1f X is a random variable such that 3P(X = 4) = +P(X=0)

Find mean, P(X = 2).

Sol: Given 3P(x = 4) = 2¥=2

+P(X=0)....(1)

Since X is a poisson variable,
et A"

Plx=r)= -




—_— z —_— 5 —_—
e Al Aé e Ajf e AﬂP

~ 3 =
4! (2)2! T

Solving it we get A*—24* —4=0

Taking A* = k,we get k* — 2k —4 =10
~k=4,-2

~ A = 4 implies that A= 2

Therefore, Mean of the poisson distribution = 2

P(X<2)=PX=0)+PX=1)+P(Xx=2)

g~ 230 —Taa1 ]

= T+ =054

3.A car hire firm has 2 cars which it hires out day by day.The number of demands for a
car on each day is distributed as poisson with mean 1.5 Calculate the proportion of days

i)on which there is no demand
if) on which demand is refused.
Sol:Let number of demands for cars be the success.

Given mean = 1.5= 4

Using poisson distribution,
et A"

Plx=r)= S

i)Probability that there is no demand for car is

e~ 1=5(1.57"
P(x=0)= # = 0.223
0!

Expected number of days that there is no demand =N
P(0) = 365(0.223) = 81.39~ 81 days

il) Probability that demand refused for car is
P(x>2)=1—P(x=0)—P(x=1)—P(x = 2)

e~ 15(1.5)" e 15(15)? e 1E(1.5)*
o0 12

=1- =0.191

Expected number of days that demand refused for car = NP(x = 2)
= 365(0.191) = 69.7~ 70 days.

4.The distribution of typing mistakes committed by typist is given below.

Fit a Poisson distribution for it.



Mistakes per page | 0 1 2 |3 |4|5

Number of pages | 142 | 156 |69 | 27 |5 |1

Sol: Givenn=5,% f =142+ 156 + 69 + 27 + 5+ 1 = 400
3 x,fi== 0(142) + 1(156) + 2(69) + 3(27) + 4(5) + 5(1) = 400

X f;
Xf;

~ Mean of the distribution =

400
a0

We have Mean of the poisson distribution=4 =1

TABLE TO FIT POISSON DISTRIBUTION
X P(x;) E(x;)

0 | =" 368 N p(0)
| =400(0.368)=147.2~147

. E_:::ﬂ120.368 147

2 | 80184

a1

&

74
s H(17_
L | T =ooe 24
-1r1y4
© ;IJ = 0.015
4 ' 6
-1 1 5
e (1) = 0.003
5!
1




Fitted Poisson distribution is

Mistakes per page | O 1 2 |3 |4|5

Number of pages | 147 | 147 |74 |24 |6 |1

NORMAL DISTRIBUTION (GAUSSIAN DISTRIBUTION)

Let X be a continuous random variable, then it is said to follow normal distribution if its pdf
is given by
flouo) =——eils) —o0 = x = 00,u,0>0

o 2

Here , & are the mean & S.D of X.

PROPERTIES OF NORMAL DISTRIBUTION:

Normal curve is always centered at mean

Mean, median and mode coincide (i.e., equal)

It is unimodal

It is a symmetrical curve and bell shaped curve

X-axis is an asymptote to the normal curve

The total area under the normal curve from —ao towo is “17

The points of inflection of the normal curve are i + o, u + 3o

© N ok~ wbdPE

The area of the normal curve between
u—otou+o=6827%

u— 2o to p+ 20=95.44%
u— 30 to pu+30=99.73%

9.The curve for normal distribution is given below



e — 3o ar— 2 = A E ke M+ 2o A+ 3o

STANDARD NORMAL VARIABLE

Let £ = % with mean ‘0’ and variance is ‘1’ then the normal variable is said to be standard

normal variable.
STANDARD NORMAL DISTRIBUTION

The normal distribution with man ‘0’ and variance ‘1’ is said to be standard normal
distribution of its probability density function is defined by

_ipx—mn?
g zv g —00 = x =00

flx) =

eI

f{z]— —m=Zzx o (p=0,0=1)

'\,2:"{

MEAN OF THE NORMAL DISTRIBUTION
Consider Normal distribution with b, as parameters Then

_(x—8)"
2a*

flx; b, o)

e
g 21

Mean of the continuous distribution is given by

' _l=—8)*
;L:J x f(x)dx = J- e 20® dx
_(=)®
= _f_m{c:rz+ b)e = dz
[Putting z = ? so that dx = o dz|

_(=?® rzwﬂ

—[" ze = dz+ _f_m

V2w

-u,2rr



(=12

= _Ir:. e z dz

(z)® ()2
[sinceze = isanodd function and e : is an even function]
2
P:_ frd 'ﬂ_\,"r; = b

W &I &

VARIANCE OF THE NORMAL DISTRIBUTION

Variance = [~_x? f(x)dx — p*

s 1
1 -~ -3 -3 —g -~
= ._j(p:‘-l-cr‘z‘ + 2uoz) ez odz — pu°
ay 27
—a0
- a2l - o0 =l
e = o* , = 2uc . 2 2
=— | e zdz+— |z 2z dz+— | z°& = dz— "
VAT VAT VAT
o0 - -0
a0 - a0
2u* _=2 2a° . &t
=——|e zdz+— |z = dz—pu*
\."ET'E.'D \.,."ETID

V2 Y0

z2 B 2zd=z —dr dy = dt

2 2 V2t
" 1

20° .

= ,_J-EE ‘Et,—_

VAT v 2t
o

255




VT
2 1 1
24 ()
1“#?]_' 2 2
ot _
= '_\Hn'-]l'[:g"'
VT

MEDIAN OF THE NORMAL DISTRIBUTION

Let x=M be the median, then
M oo

1

| reaax= [ reax=3
-0 M

Let pe(—a0, M)
Let [Z f(x)dx = [* f(x)dx + [} fx)dx =

Consider J‘_,'.Lm f[:x:']dx = j"ﬂ_ ffre_il’ﬂjz dx

o 2 P

Letz=::—“=}dx=adz [+ Limits af z — o0 — 0]

[2 Fedde=—[° ¥ odz

7 27T

=L [%¢% (dt) (by taking z=-t again)

Wiam T

1 @ 1

T V2mN2 2

From (1)
Jf(x]dx=l]=}p,=M

MODE OF THE NORMAL DISTRIBUTION

L (L)’
o

flx)=

Ty 2T

. B 1 _‘:l’ﬂjz -1 X —p 1_
FE=0=—=e (5)2(=5)z=0




=>x=u
-1 e (2 (D)
a3y 2m 2 g ST
=—— [e°+0
a3 2w [ ]
= =<0

“ x = u is the mode of normal distribution.

1.1f X is a normal variate, find the area A

i) tothe leftof z =1.78
i) to the right of z = —1.45

iii) Correspondingto —0.8 < z < 1.53
iv) to the left of z = —2.52 and to the right of z = 1. 83,

Sol: i) P(z = —1.78) = 05 — P(—1.78 < z < 0)
=05—-P(0<z<178)

= 0.5-0.4625 =0.0375.
i) P(z > —1.45) = 0.5 + P(—1.45 < z < 0)

=05+ P(0 < z< 1.45)

=0.5+0.4625 =0.9265.
iii) P(—08<z<153)=P(-08<z<0)+P(0<z< 153)

= 0.2881+0.4370=0.7251.

iv) P(z < —2.52) = 0.5 — P(0 < z < 2.52)=0.0059
P(z = 1.83) =05 —P(0 < z < 1.83)

=0.036

2.1f the masses of 300 students are normally distributed with mean 68 kgs and standard
deviation 3kgs.How many students have masses

i)greater than 72kgs.



ii)less than or equal to 64 kgs
iii)between 65 and 71 kgs inclusive.
Sol:Given N=300,u = 68, = 3.Let X be the masses of the students.

i) Standard normal variate for X=72 is
x—pu 72—68
z= = = 1.33
a 3

P(X = 72)= P(z > 1.33)

==0.5—-P(0 < z < 1.33)

=0.5-0.4082
=0.092

Expected number of students greater than 72 = E(X>72)
=300(0.092)
=27.54~28 students

I1) Standard normal variate for X=64 is

x—pu 64—68
z= = =—1.33
T 3

P(X =64)=P(z = —1.33)
== 0.5 — P(0 < z < 1.33) (Using symmetry)
=0.5-0.4082

=0.092

Expected number of students less than or equal to 64 = E(X less than or equal to 64)
=300(0.092)
=27.54~28 students .

iii)Standard normal variate for X=65 is

x—u 65—65
Zy = = = -1
a 3

Standard normal variate for X=71 is

x—pu J71—68

zr|= = =1

“ o 3
P(65<X=71)=P(—-1<=z=<1)

=P(—1<z<0)+ P(—0<=z=<1)



=2P(-0=z<1)
=2(0.341)= 0.6826
E(65< X < 71) = 300(0.6826) = 205 Students.
~Expected number of students between 65 and 71 kgs inclusive = 205 students.
3.In a normal distribution 3 1% of the items are under 45 and 8% of the items are

over 64. Find mean and variance of the distribution.

Sol: Given P(X < 45)=319% = 0.31
And F'[X = 64]: 2% = 0.08
Let Mean and variances of the normal distributions are g, o 2.

Standard normal variate for X is
xX—p
o

z:

Standard normal variate for X,=45 is

XKy p 45 —qp
z; = =
a o

= utozy=45.....(1)

Standard normal variate for X,=64 is

Xo—p 64—up

z, =

=

a a
= putoz, =64......(2)
From normal curve we have P(—z; < z < 0) = 0.19
=z, =—05
P(0=z<z,)=042
=z, = 141

substituting the values of z, z, in (1) and (2),we get
i =50,0%=098

4. In a normal distribution 7% of the items are under 35 and &9% of the items are

under 63. Find mean and variance of the distribution.

Sol: Given P(X =< 35)= 7% = 0.07
And P(X < 63)=89% = 0.89
Let Mean and variances of the normal distributions are w, o 2.

Standard normal variate for X is



Standard normal variate for X,=35 is

X,—p 35—p
z; = =

a a
= pu+oz;=35......(1)

Standard normal variate for X,=63 is

Xo—u 63—p

z, =
-

g o
= pu+oz;, =63 ......(2)

Given P(X =< 35) = P(z < z,)
0.07 = 05- P(—z, < z < 0)
P(0<z<z,)=043
From normal curve we have
=z, =148

We haveP(X < 63) = P(z < z,)
0.89 = 0.5+P(0 < z < z,)
Pl0=z<=2z,)=039
From normal curve we have
=z, =123

substituting the values of z, z, in (1) and (2),we get
i =50,0% =100,

UNIT -1l
SAMPLING

Introduction: The totality of observations with which we are concerned , whether this number be
finite or infinite constitute population. In this chapter we focus on sampling from distributions or
populations and such important quantities as the sample mean and sample variance.

Def: Population is defined as the aggregate or totality of statistical data forming a subject of
investigation .

EX. The population of the heights of Indian.

The number of observations in the population is defined to be the size of the population. It may be
finite or infinite .Size of the population is denoted by N.As the study of entire population may not be
possible to carry out and hence a part of the population alone is selected.

Def: A portion of the population which is examined with a view to determining the population
characteristics is called a sample . In other words, sample is a subset of population. Size of the sample
is denoted by n.



